
Macromolecules 1981,14, 1071-1076 1071 

0.36 1 i 

*6 0.15- 
a: -+ 

0.13- 

T i 

Figure 9. Second-order a priori probabilities for bonds 3-30 in 
an attached polymethylene chain of 300 bonds. Horizontal lines 
denote averages of p c  ;i for bonds 3-299. Arrows denote pe7 for 
a long unperturbed chain in free solution. 

bonds 3-299 in the attached chains are essentially identical 
with the pc,, reported by Jernigan and Flory' for long un- 
perturbed polymethylene chains. 

The general conclusion from Figures 8 and 9 and Table 
I is that end effects extend somewhat further into the chain 
when one end is attached to an impenetrable interface. 
However, the largest displacement of p,,;i from p,,, or pai 
from pc,,, is of comparable size for free and attached chains. 
Furthermore, the end effects produced in a chain of 300 
bonds by the impenetrable interface do not cause either 
p,, or pc,, to differ from values obtained with the free un- 
perturbed chain. I t  would seem appropriate, therefore, to 
categorize the end effects produced by the impenetrable 
interface as being "small". 

One means of placing the size of the end effects dis- 
cussed here in their proper perspective is to compare the 
largest p,,;; - p,,  and pc,,;i - pE,, (Table I) with the largest 
perturbations produced in the main chain when a butyl 
group is attached to an atom in the interior of a long 
polymethylene chain. When a butyl group is present, pt;. 
- pt and ptt;. - ptt can be as negative as -0.20 and -0.22, 
respectively.21 Perturbations produced by the butyl group 
are much larger than those arising from the end effects 
produced by the impenetrable interface. 
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ABSTRACT The problem of network collapse is solved by combining the asymptotic form of the unperturbed 
distribution function of the radius of gyration with a mean field representation of the repulsive forces of volume 
exclusion. The theory gives well-behaved thermodynamic densities for elastomers. 

Introduction 
Networks formed by cross-linking linear polymer chains 

have properties unlike those of the parent molecules. 
Linear chains in the bulk (or in certain dilute solutions) 
can be brought to a state where their configurations are 
unperturbed by the influence of neighboring molecules. 
In this state molecular dimensions are determined solely 
by the short-ranged intramolecular potential, the inter- 
molecular influences having been nullified by fundamental 
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cancellation with the nonbonded part of the intramolecular 
potential.' This ideal or Flory 0 state is firmly established; 
it is realized in practice2 and it serves as the reference state 
for rigorous perturbation theory of the influence of non- 
bonded interactions upon molecular  dimension^.^ The 
decomposition of potentials into inter- and intramolecular 
components is not possible for networks, however. Upon 
cross-linking the collection of molecules into a single re- 
ticulated molecule, the forces that had been intermolecular 
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1072 Eichinger 

become intramolecular, and the basis for cancellation of 
the two effects no longer applies. 

The consequences of this re-formation turn out to be 
remarkable. For example, it can be proved that a cubic 
lattice of uniform chains joined by hexavalent junctions 
has an unperturbed mean-square radius of gyration ( s2)o 
comparable to that of one of the chains which comprise 
it.4s5 This result has long been known from the work of 
James and G ~ t h ; ~ ! ~  it is furthermore true for any net with 
crystallographic symmetry, as may be inferred from general 
considerations based on space groups. Similarly, the ex- 
pectation value of ( s ~ ) ~  for a large network selected at 
random from the set of all regular nets seems to be very 
small.*p9 Less rigorous, but corroborative results have been 
obtained by computer simulation of nets formed with 
constraints acting to limit connectivity to spatial neigh- 
borhoods of the junctions.1° It  is now quite clear that 
unperturbed, reticulated molecules having a fixed pro- 
portion of cross-links to chain elements collapse in the 
thermodynamic limit of large systems to unrealistic states 
of infinite density.” Because of this, the unperturbed state 
ceases to be a useful basis for a perturbation calculation 
of dimensions. 

To circumvent this problem, one must incorporate mo- 
lecular repulsion in the configuration integral.” I t  will be 
shown here that a mean field potential suffices for this 
purpose and that it has the added advantage of being 
imposed fairly late in otherwise intricate calculations of 
distribution functions of molecular dimensions. For the 
present it will be enough to show that the mean field 
sustains a spherical elastomer against collapse, and on this 
account only the radius of gyration need be considered. 

The unperturbed distribution functions of the radius of 
gyration and of the gyration tensor are not simple, even 
for molecules with Gaussian bonds.g They may be ren- 
dered into the form of low-dimensionality integrals, but 
from that point on general results can only be obtained 
by piecewise analysis or by use of approximation meth- 
o d ~ . ~ * ’ ~  Numerical integrations notwithstanding, the dis- 
tribution function of the radius of gyration s may be 
evaluated for small s, for s2 = ( s ~ ) ~ ,  and for the asymptotic 
region where s2 >> ( s ~ ) ~ .  Near the asymptote this distri- 
bution function is principally determined by the minimum 
nonzero eigenvalue A1 of the Kirchhoff matrix K that  
specifies the connectivity of the molecule of interest and 
by the multiplicity of this eigenvalue.12 

At this stage network collapse changes from disaster to 
benefit, since only the asymptotic unperturbed distribution 
function is relevant to reality. This function, together with 
the mean field, yields a proper thermodynamic density for 
elastomers, provided X1 has the correct dependence upon 
the number n of statistical units in the molecule. 

I t  is necessary to assert that A1 = O(n-2/3) to obtain all 
that is claimed above. This is exactly right for large 
crystallographic nets, as is readily proved. That it is 
correct for random nets is still open to question. McKay13 
has obtained the rigorous bounds O(n4l3) I A1 I O(n-2/3) 
for random graphs with constraints on the vertex density 
and edge length. Computer sirnulationsl0 of random nets 
containing up to 216 nodes gave A1 = O(n4’.4). Edge effects 
likely had a significant impact on this result, but there can 
be no doubt that A1 was indeed inversely proportional to 
a power of n close to the value 2 /3  required here. In sum- 
mary, the theory to follow demonstrates that A1 = O W 3 )  
is the only n dependence consistent with the mean field 
and thermodynamic densities. 

An additional assertion regarding the multiplicity w1 of 
Al will also be required in the mild form w1 < O(n). There 
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are several arguments that can be mustered to justify this 
assumption. In the first place, high multiplicities are as- 
sociated with a high degree of redundant regularity in those 
molecules whose Kirchhoff matrices have known eigen- 
value spectra. Second, all numerical corn put at ion^^^^^^ and 
thee$ on random nets to date give spectra which appear 
to be dense on the interval AI I A I A,,, where A, is the 
maximum eigenvalue of K, and A,, = O(1) for nets with 
modest junction functionality. A substantial proportion 
of the eigenvalues are larger than the minimum. Third, 
the connectiong between eigenvalue spectra and viscoelastic 
relaxation time spectra gives w i= O ( P )  for small eigen- 
values. It therefore appears from several lines of evidence 
that w1 < O b ) .  (Besides, w1 = 3 for the simple cubic net, 
the case that can be invoked to justify all that  follows.) 

Asymptotic Unperturbed Distribution Function 
The distribution function Po(s2) ds2 of the square of the 

radius of gyration s of an unperturbed Gaussian molecule 
of n beads is given by9J5 
Po(s2) ds2 = 

where y = 3/2(Z2),; ( 12)o  is the mean-square displacement 
of a single equivalent bond. The Ak are the eigenvalues 
of the Kirchhoff matrix of the graph describing the mol- 
ecule. The moment-generating function ( exp(-as2)) is 
related to the integrand of eq 1 by 

which gives 
n-1 

(3) 

( (s4)  - ( ~ * ) ~ ~ ) / ( l ~ ) ~ ~  = (2/3n2)?1/XkZ (4) 
k = l  

and so on for the cumulants. 
The evaluation of eq 1 in the domain s2 >> ( s ~ ) ~  has 

already been achieved by a somewhat roundabout me- 
thod.12 A more straightforward estimate of the integral 
may be obtained by the method of the stationary phase, 
which has the added advantage of being applicable to the 
calculation of the distribution function of the gyration 
tensor. To make this work self-contained and to suggest 
future extensions of it, the integral in eq 1 will be estimated 
for the situation applicable to elastomers, Le., n > 1020 and 
s2 >> ( S 2 ) o  

The integral F to be considered is 

(5) 

where 7 = p/yn and 
n-1 

k = l  
f ( ~ )  = iyns2r - (3/2) In (1 + i 7 / A k )  (6) 

The saddle point is located a t  70, where 
f’(70) = df(~)/d71,=,~ = 0 (7) 

and the integral is given approximately by 

F = [-2a/f”(r0)1’/~ exp[f(~o)l (8) 

The first two derivatives are 
n-1 

1 =1 
f ‘ (7 )  = i[yns2 - (3/2)z(Al + i~ ) - l ]  (9) 
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we have the asymptotic result 
P(s2) ds2 - (const)s3”1-l exp(-ynXls2) ds (18) 

where factors of ~ ~ ~ 1 ,  s - ~ ,  and s arise from e x p [ f ( ~ ~ ) ] ,  
[ - f ” ( ~ O ) l - ~ / ~ ,  and ds2 = 2s ds, respectively. This agrees 
perfectly with the previous calculation.12 

Mean Field Approximation 
The interaction energy density in any fluid is determined 

by the local density of molecules. In an elastomer, the local 
density of segmenta in the vicinity of a cross-link is certain 
to be different from the mean. This is most vividly il- 
lustrated with telechelic polymers; significant perturbations 
of the local fluidlike structure must accompany the re- 
organizations required to link together chain ends to form 
junctions. I t  is therefore appropriate to use fluctuation 
theory for a first-order description of the effective potential 
of nonbonded forces in an elastomer. 

Consider a small, open-volume element in the elastomer 
and let a = a(T,p) be its free energy density at temperature 
T and segment number density p. No distinction will be 
made between chain segments and cross-links for the 
purpose of computing the number density; a junction is 
equivalent to one segment. One could relax this restriction, 
but the net result of what follows would not be materially 
altered. It follows from thermodynamics16 that 

da = -S d T  + p dp (19) 
where p = (da /dp ) ,  is the segment chemical potential. 
Now expand the local free energy density about the mean 
p to obtain 

a(p )  = a(p) + p ( p  - p )  + (1/2xp2)(p - p ) 2  + ... (20) 

where 2 = -(d In Vldp) ,  is the bulk compressibility eval- 
uated at 3. The total free energy will be given by an 
integration over the volume V to obtain 

$b(p)  d r  = Va(p) + (1/2xp2)$(pZ - p 2 )  d r  

= V(b  - 1/22) + (1/2Kp2)$p2 d r  (21) 

The linear term vanishes by definition of the mean, and 
that same relation has been used to simplify the quadratic 
term. Reasons for dropping higher order terms in the 
expansion have been amply discussed in the literature.”J8 

The segment density at r depends upon the configura- 
tion, but for all it is given by 

(22) 

where the sum extends over all n segments in the system. 
The distribution 6(x) may be approximated by a sharply 
peaked function, which is not an unreasonable device for 
smearing the centers of the multiatomic segments over 
small elements of volume so as to account for their im- 
precisely specified internal configurations. Hence set 

6(x) = (2b/d3/*  exp(-2bx2) (23) 
where the range parameter b may be chosen as large as one 
likes. When this expression is substituted into eq 22 and 
it in turn is utilized in eq 21, the integration may be 
performed to yield 

A = V(5 - l/2E) + (Xp2)-’(b/a)3/2Cexp[-b(rk - rJ2] 

p(r)  = D ( r  - rl) 
1 

k<l  
= v(6 - 1/2R) + x u ( r k l )  

k<l 
(24) 

The spurious squared or self-interaction term that arises 
on squaring the density has been suppressed so as to make 
the transition from the continuous to the discrete repre- 

n-1 

1=1 
f ” (7)  = -(3/2)C(X1 + i7)-’ 

The saddle point must lie on the imaginary axis, since f ’ ( ~ ~ )  
= 0 if and only if the sum in eq 9 is real. Furthermore, 
since F is real f ” ( ~ ~ )  must be real, excluding the unlikely 
and fortuitous cancellation of imaginary terms in [ f”(70)]-~/ ’  

and e x p [ f ( ~ ~ ) J .  The solution of the equation f ’ ( ~ ~ )  = 0 
behaves as follows: as s2 increases from very small to very 
large values, i70 decreases from large values through zero 
to small negative values which approach X1. A t  T = 0, s2 
= by eq 3 and 9, and a t  i~ = -A1, the sum in eq 9 is 
singular. 

Since our interest is in s2 >> (s~)~, let i70 = -Al + e, where 
t is presumed to be smaller than X1; the multiplicity of X1 
will be denoted by wl. Equation 9 yields 

yns2 - 3 ~ 1 / 2 t  - (3/2)C’(Xl - A1 + e)-’ = 0 (11) 
for the saddle point, where E’ is over all A1 > X1. Having 
separated the important, potentially singular term of the 
characteristic function from the rest, we may now replace 
the sum by an integral for a large system on the assump- 
tion that the spectrum is not pathological. Let g(X) dX be 
the proportion of eigenvalues of the Kirchhoff matrix lying 
between X and X + dX. Equation 11 becomes 
ns2/(12)o - w1/e - 

(n - wl)JA>hlg(X)(X - X1 + e)-’ dX = 0 (12) 

with cancellation of a factor of 3/2 via the definition of y. 
The integral is more conveniently written with g+(X) = g(h + XI) ,  whereupon 

ns2/(12)o - ul/e - (n - ul)Jh>og+(A)(X + 4-l dX = 0 
(13) 

For t = 0, the integral over the spectrum is seen to differ 
from (s2)o/ (12)o only by deletion of the contribution from 
the smallest eigenvalue, and certainly 

$h>g+(X)(h + e)-’ dX J~>og+(X)X-’ dX 

for t > 0. The contribution from the integrated term is 
therefore of order no greater than (s~)~/ ( 12),,. Assume it 
negligible, to obtain 

E = w1(12)o/ns2 (14) 
If it is indeed true that X1 = O(n-2/3) and s3 = Ob) ,  then 

t = O(wln”/3). This has to be much smaller than XI since 
w1 cannot possibly be O(n) as argued in the Introduction. 
The saddle point is therefore accurately located by 

70 = i(h1 - U1(12)o/ns2)  (15) 
for s2 = O(n2I3) >> (s~)~. 

An integration along a contour of stationary phase which 
passes through the saddle point can be accomplished, since 
the real axis can be deformed into any contour passing 
below the singularity of f ( 7 )  lying closest to the origin, 
without passing through any other singularity of the 
characteristic function. The second derivative is found to 
be 

f ” (70)  = -3n2S4/2w1( L2)o2 (16) 

since the remaining contribution from the XI > X1 is neg- 
ligible by the assertion that s4 >> (s~)~. We also have 
f(7,,) = -nyXls2 + (3w1/2) In (eXlns2/wl( 1 2 ) o )  - 

(3/2)C’ln [ l  - (Al  - w1(12)~/ns2)/XJ (17) 

In the domain where X1 >> w1(12)o/ns2, the sum in this 
equation gives only a constant contribution to f (70) .  Thus 
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sentation. The effective pairwise additive intersegmental 
potential u(r) is given by 

u(r) = ( ~ p ~ ) - ' ( b / 7 r ) ~ / ~  exp(-br2) (25) 
Before formulating the configuration integral, it  is 

necessary to define 6 = a ( p )  more precisely. The free 
energy density within a volume element is sensitive to the 
local structure, not the long-range structure. Local con- 
nectivity is implicit in a(p) but the long-range elastic forces 
are not. If the elastomer being discussed is devoid of chain 
ends, a(p)  is the free energy density of the corresponding 
virtually infinite linear chain which has been packed into 
a box with mean density p ,  less the free energy density 
attributable to the long-range connectivity. With neglect 
of surface effects and in the Gaussian approximation, this 
latter contribution is just -kT In ( ~ / y ) ~ ( ~ - l ) / ~ ,  so that the 
total free energy of the hypothetical linear chain having 
mean density everywhere is 

2 = V[a(p )  + (3kTp/2) In ( ? / T ) ]  (26) 
This is the free energy of a high molecular weight pre- 
polymer to within a small term depending upon the fluc- 
tuations. 

The effective total potential for the elastomer is thus 
determined relative to a reference system and in the 
Gaussian approximation is given by 

Cu(rkJ + k T r C ( r i  - r,)2 (27) 

The first sum is most simply taken over all segment pairs, 
whereas the last is over bonded pairs only. The matrix of 
the quadratic form in the second term is the Kirchhoff 
matrix of the graph which describes the molecular con- 
nectivity of the elastomer. 

It is now convenient to make a Fourier analysis of the 
nonbonded terms. Define 

(28a) 

d(q) = (8s3Zp2)-' exp(-q2/4b) (28b) 

k<l i-j 

4(q) = ( 2 ~ ) - ~ J u ( r )  exp(iqr) d r  

so that 
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The distribution of mass in the elastomer is assumed to 
be spherically symmetric, so that the complex exponential 
may be averaged over angles to give 

The Fourier-Debye kernel is now expanded in its Mac- 
laurin series to give 

where 
%m = n-2Clrk - r fm (32) 

k<l 

and sz = s2 by Lagrange's theorem.lg 

from the right-hand side of eq 31 to give 
The function (n2/2) exp(-s2q2/3) may now be extracted 

- - sin qlrk - rll 
k<l qlrk - rlI 

(n2/2) exp(-s2q2/3)[1 - (1 - 3Sa/10s4)(s4q4/18) + ...I 
(33) 

In the limit b - a, eq 30, with use of eq 33, integrates to 
Eu(rkl) = 
k<l  
[(n2/~3)(3/~)3/2/16XP2][1 - (15/8)(1 - 3s4/10s4) + ...I 

(34) 
For a sphere of uniform density the integral in eq 30 may 
be computed in closed form to give 

C u(rkJ = (3 / T )  (3/20)3/2n2/'ip2s3 
k<l 

and for a uniform cube, one finds 
Cu(rk l )  = n2/8Ep2s3 
k<l  

In general then, the mean field potential is given by 
Eu(rkl) = Cn2/~p2s3 (35) 
k<l  

where C = O(10-') is a constant. In the nonuniform case 
the constant depends upon the configuration, but if one 
assumes that the mass distribution in the elastomer is 
reasonably smooth and spherically symmetric, this de- 
pendence will not be strong. 

The incorporation of volume occupancy by way of the 
mean field expressed in eq 35 will soon be shown to yield 
a thermodynamic density. Several years ago Boggsm found 
that by appending fluid equation-of-state terms to the 
elastic free energy he could prevent collapse. His treat- 
ment is very much like the one expressed here, the es- 
sential difference being that a hard-core volume term 
working in opposition to an attractive van der Waals term 
sustains the net in Boggs's theory. Here the term in l/s3 
is repulsive; other fluid terms have already been factored 
into A @ ) .  In approximate theories such as these, the stage 
at which one chooses to factor out the fluid contributions 
to the total free energy is somewhat arbitrary and depends 
more upon convenience than upon rigor. 
Per turbed  Distribution Function 

The results of the previous two sections may now be 
joined by appeal to the Flory-Fisk theory.21 The inte- 
gration over all coordinates bu t s  of the Boltzmann factor 
with the potential in eq 27, where the nonbonded term is 
immediately replaced by the mean field, gives 

A = V [ 6  - 1/2E + (3kTp/2) In (?/a)] - kT In W(s)  
(36) 

W(s)  = ( C O ~ S ~ ) S ~ ~ ~ - ~  exp(-ynhls2 - Bn2/s3) (37) 
is the perturbed distribution function of s and B = C /  
k f i p 2 .  All terms but the last in eq 36 may be suppressed 
for the purposes to follow. 

where 

The mth moment of s is given by 

&ss3wl+m-1 exp(-ynX,s2 - Bn2/s3) ds 
(sm) = (38) 

~ ~ 1 - l  exp(-ynXls2 - Bn2/s3) ds 

which may be estimated by the method of Hermans and 
Overbeek.22 Alternatively, another steepest descents 
calculation may be made. Let s, locate the maximum of 
sa exp(-ynX,s2 - Bn2/s3), where a = 3wl + m - 1. One finds 

(39) 
Suppose now that the term s," dominates the left-hand side 
and that X1 = O ( K ~ / ~ ) .  Then s," = O(n5/3) and the density 
n/s3 - constant as n - a. The cubic term on the left- 
hand side is then of O ( c ~ n ~ / ~ ) ,  which is comparable to  s,6 

se5 - (a/2ynX1)s,3 = B( 12)on/Xl 
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only if CY 1 O(n). Since m is presumed to be a small 
number, CY 1 O(n) only if w1 2 O(n). But this possibility 
has already beeii excluded. Stated otherwise, a/2ynX1 C 
s,2 is a reality condition; if this is all that is asserted the 
left-hand side is (const)s,5, and such a case is encompassed 
even though the questionable term is discarded with the 
arguments presented. In any event, to within a constant 

se5 = B(12)on/Xl (40) 

( s m )  = (B(L2)on/X1)m’5 (41) 
since the curvature a t  the maximum is independent of s,, 
as is easy to show. Hence, ( s m )  = O(nm/3) as required for 
thermodynamic stability. 

The mean field will prevent the catastrophic collapse 
of the network if the minimum nonzero eigenvalue of the 
Kirchhoff matrix is of O(n-2/3). The minimum eigenvalue 
for the cubic lattice is exactly 4 sin2 7r/2n1l3, and in this 
case there is nothing wanting in the rigor of the result. 
There are signs that a graph theoretic proof of X1 = OW2l3) 
will be found,13 but in the meantime the calculation 
presented here is an indirect proof that this is the correct 
behavior for all physically realizable networks. 

Discussion 
There is an immediately interesting question that is now 

subject to analysis: What is the compressibility of the 
elastomer relative to that of the prepolymer? From eq 36 
and 37 we have 

( A )  = A + kT(yn(Xl)s2 + (B’)n2/s3) (42) 

on droppizg the incommensurate term proportional to In 
s. Here A is given by eq 26 and angle brackets denote 
network ensemble averages. In eq 42 the quantity B’ is 
given by 

B’ = B - Vs3/2kfin2 = tB 

which results from joining the two terms in 1/E from eq 
24 and 35. The constant c depends upon the magnitude 
of the fluctuations and can be expected to be small, as it 
is proportional to J ( p 2  - p 2 )  dr.  

Computation of ( d 2 ( A ) / d V ) ,  from eq 36 gives the 
compressibility as 

(43) 

(44) 
Here u = s3/V is a geometrical parameter, and K N  is the 
intensive network contribution to the compressibility. The 
pressure p that must be applied to the elastomer so as to 
make its volume equal to that of the prepolymer a t  pres- 
sure p is given by 

(45) 
There is relatively little compressibility data with which 

to compare eq 44. Measurements of Wood and Martin23 
on natural rubber generally give K less than ‘i by about 1 % , 
with the exception of the low-temperature and -pressure 
data. Furthermore, they noticed an increase in density 
upon curing with dicumyl peroxide. The decrease in 
pressure at  constant density given by eq 45 is compatible 
with an increase of density a t  constant pressure. Thus, 
it  seems that E must be in the range 1/6 I E C 1 to account 
for the volumetric behavior of natural rubber. It would 
be advantageous to have differential compressibility data 
to thoroughly test this prediction of the mean field theory. 

locates the maximum, and 

K-l = $-1 + KN-l 

KN-l = (k Tun ( X1 ) /3 ( l 2  )OS,) 0% - 1) 
where 

p = P - (ttTun(X1)/(%-%)(1 - 4 
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An approximate stress-train relation may be extracted 
from eq 42, with the understanding that the necessary 
departure from spherical symmetry that attends the strain 
is not represented by s2 alone. The distribution function 
of the gyration tensor is required for a thorough treatment 
of elasticity. This disclaimer aside, the tension T may be 
obtained from an equation derived p r e v i o u ~ l y , ~ ~  i.e. 

T = ( ~ s ~ ~ V ~ ’ ~ / ~ V ~ ~ / ~ ) ( ~ ( A ) / ~ S ~ ) T ( C Y  -  CY') (46) 
where CY is the dilation-corrected uniaxial extension ratio. 
If one now assumes that V = V,, where Vo is the unde- 
formed volume, and hence that the mean field energy can 
be ignored in differentiating, one obtains 

T = (nkT( Xl)so2/( 12)oVo)(a - l/a2) (47) 

The modulus is seen to be intensive and to depend upon 
the ensemble average network structure through ( Xl) .  

Conclusions 
The mean field approximation may be effectively ex- 

ploited to restrain the theoretical collapse of networks. 
The elastic restoring forces in a network act to pull the 
junctions to the center of the elastic body, but they are 
prevented from doing so by the incompressibility of the 
atoms. 

The collapse of unconstrained or phantom networks 
turns out to be a boon rather than a problem. This is the 
case because it is relatively easy to calculate the distri- 
bution function of the phantom or unperturbed network 
in the asymptotic limit where the dimensions greatly ex- 
ceed those of the most probable state. The form of the 
distribution function in this limit is found to give satis- 
factory results for (1) the thermodynamic density, (2) the 
increase of density with cure, (3) the decrease of com- 
pressibility with cure, and (4) the stress-strain relation in 
first approximation. 

The critical network parameters that govern all elastic 
behavior are the minimum nonzero eigenvalue XI of the 
Kirchhoff matrix of the gel component and its multiplicity 
wl. There is as yet no simple translation of these param- 
eters into more familiar terms except for that provided by 
computer simulations.1° The evaluation of X1 and wl, or 
better yet the entire spectrum of the Kirchhoff matrix, is 
the crucial graph theoretic problem that remains to be 
solved to obtain an elastic equation of state of practical 
value. 

Note Added in Proof. McKay13 has recently found a 
graph theoretic proof that X1 = O(n-2/3) for all nets that 
have resonable constraints on their densities. 
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ABSTRACT: Certain novolac resins were found to be compatible with poly(ethy1 acrylate), poly(ethy1 
methacrylate), poly(methy1 methacrylate), poly(viny1 acetate), poly(styrene-co-acrylonitrile), poly(2- 
methyl-1-pentene sulfone), polycarbonate, and poly(viny1 methyl ether). However, poly(4-vinylphenol) was 
found to be incompatible with poly(methy1 methacrylate) or poly(styrene-co-acrylonitrile). Chemical interaction 
between the novolac resins and either poly(ethy1 methacrylate), poly(ethy1 acrylate), poly(viny1 acetate), 
poly(methy1 methacrylate), or polycarbonate was manifested by a shift of -20 cm-l in the infrared stretching 
frequency of the carbonyl group. Large positive deviations of the experimentally observed glass transition 
temperatures from the calculated weight-average values were noted in mixtures containing poly(viny1 methyl 
ether) or poly(ethy1 acrylate). The compatibility of these systems is discussed in terms of increased specific 
interactions between unlike polymers and decreased specific interactions between like polymers. 

Introduction 
Although novolac resins are used widely as ingredients 

in coatings and adhesives,' their miscibility with high 
molecular weight polymers has not been extensively doc- 
umented.2 We wish to report the results of a preliminary 
study in which the miscibilities of four novolac resins with 
polystyrene (PS), poly(styrene-co-acrylonitrile) (PSAN), 
poly(ethy1 acrylate) (PEA), poly(viny1 acetate) (PVA), 
poly(ethy1 methacrylate) (PEMA), poly(methy1 meth- 
acrylate) (PMMA), poly(2-methyl-1-pentene sulfone) 
(PMPS), bisphenol-A polycarbonate, and poly(viny1 
methyl ether) (PVME) were investigated by calorimetry. 

In order to help to understand the reasons for the 
miscibilities, the specific polymer-polymer interactions 
were investigated by infrared (IR) spectroscopy. In con- 
trast to previous IR studies on different polymer-polymer 
systems:+ we observed interactions that gave relatively 
large shifts in the infrared stretching frequencies of the 
carbonyl groups. 
Experimental Section 

1. Materials. PS, PSAN containing 25% by weight of 
acrylonitrile, PVME, PEMA, and poly(4-vinylphenol) were 
purchased from Polysciences, Inc. PMMA and PEA were ob- 
tained from Cellomer Associates, Inc. PMPS, an alternating 
copolymer of 2-methyl-1-pentene and sulfur dioxide, was prepared 
in this laboratory by a procedure which has been reported pre- 
viously? Bisphenol-A polycarbonate was a stabilizer-free sample 
obtained through the courtesy of General Electric Co. PVA was 
supplied by Aldrich Chemical Co. All polymers were dried in a 
vacuum oven at 100 " C  overnight prior to  use. 

The novolacs were made by condensing formaldehyde with 
mixtures of substituted phenols. The published method for 
unsubstituted novolacs8 was modified by allowing the reaction 
to proceed for 18 h at  reflux before water and unreacted phenols 
were removed by vacuum distillation. Novolac 1 was synthesized 
here, novolac 2 at  Polychrome, and novolacs 5 and 8 at  Mead 
Chemical Co. according to our specifications (see Table I). 

The blend samples for calorimetric studies were prepared by 
mixing appropriate amounts of the constituents in 2-butanone 
and allowing the solvent to evaporate slowly at room temperature. 
In the case of the polycarbonate mixture, methylene chloride was 

'Now at Industrial Technology Research Institute, Taiwan. 
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used as the solvent and the temperature of solvent evaporation 
was maintained at  about 45 "C to increase the solubility of the 
novolac resin. The samples were again vacuum dried a t  100 "C 
overnight. 

Infrared studies were made by casting films from solution on 
salt plates, using concentrations adjusted to give about 20% 
transmittance through the dried film in the region of interest. 
The solvent was a mixture of 10% tetrahydrofuran-90% meth- 
ylene chloride. The concentrations were as follows: 

Blends for IR Studies 

studies on carbonyl region studies on  hydroxyl region 
95% novolac 2-4% novolac 
5% carbonyl compound 98-96% carbonyl 

compound 
The solvent was allowed to evaporate a t  room temperature 

followed by vacuum drying for 2-5 h at  85 OC. In one case when 
the film was used without this final drying the wavelengths ab- 
sorbed were the same but the spectrum was not as well resolved. 

2. Calorimetry. A Du Pont Model 990 differential scanning 
calorimeter was used for glass transition temperature measure- 
ments. The transition temperature was taken as the onset (ex- 
trapolated) of the abrupt increase in the specific heat of the 
specimen. Specimens were first heated at  10 "C/min to 100 "C 
in the calorimeter and then quenched by liquid nitrogen to an 
appropriately low temperature, after which heating was resumed. 
The experiment was repeated at  least twice for each specimen 
and the reproducibility of the Tg value was about h0.7 OC unless 
otherwise stated. 

3. Infrared Spectroscopy. A Perkin-Elmer Model 597 in- 
frared spectrometer was used for the IR studies. One sample was 
checked on a Digilab Fourier transform infrared spectrometer 
but gave qualitatively the same spectrum. All spectra were run 
on salt plates. To check that the shifts were not caused by changes 
in the index of refraction of the different polymers, a polished 
silicone plate was also used as the substrate in one experiment? 
No difference in the wavelength of absorption was observed 
whether salt or silicone was used. 

Results 
Novolac 1 was incompatible with PS. The mixture was 

cloudy and two distinct Tis were found in the thermo- 
gram. All the mixtures listed in Table I1 were compatible 
with each mixture, showing one Tg, which, except in the 
case of novolac 1 with PVME and with PEA, was either 
equal to or lower than the calculated weight-average value 
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